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SJRR 1 (Stein,Ch2,T21) Suppose that f and g are measurable functions on R?

(1) Prove that f(x — y)g(y) is measurable on R*

(2) Show that if f and g are integrable on R¢, then f(z — y)g(y) is integrable on R2?
(3) Recall the definition of the convolution of f and g given by

(F+9)a) = [ Fla=9atu)dy

Show that f * g is well defined for a.e. z; that is, f(x — y)g(y) is integrable on R? for a.e. x
(4) Show that f * g is integrable whenever f and g are integrable, and that

||f*9||L1(Rd) < ”f”Ll(Rd)”gHLl(]Rd)

with equality if f and g are non-negative

(5) The Fourier transform of an integrable function f is defined by
f©) = | f@)etda
Rd

Check that fis bounded and is a continuous function of £&. Prove that for each £ one has

—

(f * 9)(€) = f(©)a(e)

KBEATHTHEALTH I 18 FHIMANSEi1L, KRG —FH
B 1 ik f £ R LT, f(z,y) € f(2), (v,y) € R, M F A RV ESTR (#mididlEmk, 5
VYmeN*, % g(z,y) € f(2), (z,y) eR™™, B y e R™, RETIE g(x,y) £ R+ b))
SI3 2 & f &R £, 0
g:R™ — R
(z,y) — f(z—y)
£ R*™ LT
HEBR (1). ®A132 1, B g(y) A R F e[ CARTN; B3 2 % f(x—y) £ R* L0, BF
A f(z —y)g(y) A R & &4 =T ] 4
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(2). ® Tonelli £ # AR Lebesgue #589-F 45 TR E M4

/delf(fﬁ— v)9(y) Idwdy—/ (/ flz—y |dx> 9(y)|dy
- [ ([ 17ae) otw)iaw

N (/Rd |f(9”)|d$> </Rd Ig(y)ldy> < to0
Bt f(z—y)g(y) € L'(R*)

(3). BA f(z—y)gly) € L'(R*), @ Fubuni £& (F2) % 2 [[f(z —y)g(y)].dy € L'(RY), PP

(Fe)@) = [ [fe =g dy € 'R

(4). BA f,g € LYRY), Fiuk [, |fldz, [ lglde < +00, @ (2) %o

/Rd(f*g)(:r)dx— dx</d ( Rdf(x—y)g(y”dy) da

(L) (L)

B frge IRY, LEX |f+ gl < flgolollomn, % fg %0, MEGTRTORESE
A%F5
(5). f is bounded: & f e L'(RY) 4=

y)dy

1f(€)] =

f(.%')€72ﬂ—iw'€d$
Rd

< /Rd |f(z)]dzx < 400

#|f(O X T ¢ —BAR

f is continuous: HAVL i AAIE [ £ STk, —MHREHKE -6 BT, F—FAIE AL
Sk 3E

Fik—: BA

l|e72mimér _ T 2miel2| — | cos(2mix - &) — cos(2mix - &) — i[sin(2mix - £1) — sin(2mix - &)]|

= /2 — 2cos(2mx - £1) cos(2mx - &) — 2sin(2mx - £;) sin(27z - &)
= /2 —2cos(2mz - (& — &))

F(e) - f&)

f(x)e—%riwfl o f(a,;)e—Qﬂ'i$'€2 dz
R4

/ f(ﬂ?) (6—2771'&:-51 _ e—27ri:c<§2) dz

Rd

< / F(@)] - v/2— 2cos2ra(Es — &)]dx
]Rd

3 Ve > 0, IN > Lst. [y F@lde < 5 BA 2 € BO,N) #, &R |6 - & R4 1
2rN[& — &l < 5, BA [z (& — &) < 2] - [& — &l < N|& — &f, ATA

V2 —2cos[2mx - (€ — &)] < /2 —2cos(2nN|&; — &) — 0, as |& —&| — 0
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ESL(S /r%/i V|€1—€2|<6, \/2—2COS(27TN‘§1—§2|)<m, lkt% |€1_§2|<6 Hd_, i]‘

. . 9
1) — = d 2/ £l may
fen-fe <2 e [ i) g
IS S
<2 4+m Rd‘f(l'”dx
9 g
A

Bk f(€) &L

FikZ: 3 V& € RY, BBy 4oiR M40, B f B =& RES, RMRFIEWX VE, — &,
A f(&) = F(&), EFE |f(x)e 26| = |f(x)], B [f] 77?274’”7*1%]'1'*5(, FIT A

Jg(go) = /Rd f(x)e_%m‘éodx — /R lim f(x)e—%riw{ndx

d N—0o0

= lim flx)e 2™ endr = lim f(&,)

n—0o00 [pa n—

P ATE S AT A T s e 5 nfmh Co WOMEE M I [ RiBGH
RE BAVERBH X, ARP;GFHRE

Frgl) = /Rd ( » f(z —y)g(y)dy> I

— [ [ sa = mgte e iy
R JRd

= /R gly)e >mve (/R fla— y)e%“"”y)'ﬁdSC) dy
I

g(y)e ?mve ( @ 6‘2”””‘5019«") dy
R

)

= f(©)a(&)

SJER 2 (Stein,Ch2,T22) Prove that if f € L'(R?) and
F© = [ fl@e ™ ¢da
Rd

then f(f) — 0 as || = oo. (This is the Riemann-Lebesgue lemma.)
[Hint:] Write
f(f) = 1/ [f(x) — f(z - 5/)]6—2711'3:-5 da
=3/,

where

and use Proposition 2.5.

x BA

f(e) = f(z)e 2™ 8dy = / f(z)cos(2mix - §)dx —i [ f(z)sin(2wiz - §)dx
Rd R4

Rd
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AL BAVE f(E) = 0 as [€] —» oo, HEFFEIEIHRLIALTE, B

{fRd x) cos(2miz - £)dx — 0 as [¢] — oo

Jga f(@) sin(2miz - £)dz — 0 as [¢] — oo
XANEE A K 5 2 @ 49 Riemann-Lebesgue 3|32

JUERR % ¢ = %% Wby A R T

f<€) = fl@)e ™ dr = / flz— f')e_%i(r—f’)fdx

R4 R4

f( 5 ) —2mix- §+7‘rzd:1:

f(ZE ) —2mix- §dl'

2d 1
G 2 Jau Flz)e e — f( _ ¢)e 2Ty
N % /Rd [f(z) = flz— 5/)]6—27rzx.5d$
WAL ik g

<5 [ 1@ = fe = ©)ldz >0 as €] 50 = [¢] -+ o0
Rd

)& 3 (Stein,Ch2,T24) Consider the convolution

(f*g)(z /f(:v—

(1) Show that f % g is uniformly continuous when f is integrable and g bounded.

(2) If in addition g is integrable, prove that (f * g)(z) — 0 as |z| — oc.
WERA (1). 3% |g] < M, R

|(f *g)(x1) = (f * g)(w2)| =

[ @ =natoay [t =gty
<M [ 15 =) = flea =)y
< M||f(z1 = y) = f(@2 = Yl e
P45 T HeayE LM, M Ve > 0,36 > 0,s.t. V|(2, —y) — (22 —y)| = |21 — 22| <6 B, A ||f(z1 —y) —

f(xg—y)HL1(Rd) < ﬁ, E]ﬂftg |£C1—CC2| < Hd', i]‘

|(f *g)(z1) — (f * g)(z2)| < M% =¢

¥} ofrg —HES
(2). # Stein, Ch2, T21(4) (AkAf b5 —H) 4o, % fge L'(RY) B, frge LI(RY), h%H—F4
fxg —#&EZ, #tdmd Stein,Ch2,T6(2) %2 (LTF—=), (f*g)(x) =0 as |z] = o0 O

4
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SR 4 (Stein,Ch2,T6(2)) & f TAELAE RT E—8:E%, W

lim f(z) =

|z|— o0

MEER BLE, fRIR \ac1|ii>noof( x) #£0, WAL g >0,s.t. VM > 0,3|z| > M,s.t. |f(z)] > eo, PTARAIT LA
A {z,} H: |z > |oa| +1, B Vn e N |f(z,)| > e, EthdT:

BM=1, W 3|z | > 1,8t |f(z1)] >0, B My =|z1|+1, R FJag| > My, s.t. |f(za)] > g, £A
HEAT LA 2 LAFE] {2,}

W of —B&E%me, 2L >0,30 > 0,s.t. Vg —:Egl <O f(z1) = flza)] <2, B 5 =min{d, 1},
M3t Vi € N°, & (20— 6,2 +06) £, BA |f(@ )| S BSLAMBE T RS SAERN 5, AEETL

ARk, EIRAE sBEH KT 2, & m({x |f(x)] > = ):oo, Bk E R REF X
o ) o\ _
Amwzzm@vmm>2ﬂ—w
S f RTR, AL B T f(r) = 0

S5 2 fell,, X
F@) “swp—os [ (7am

B3z M

Esup —————
(Mf)(x) = i m(B:(2)) JB,(2)

S AAR A f 893F P& Hardy-Littlewood #R X &A= # & Hardy-Littlewood #& X &4k, £

| fldm

(Mf)(z) < f*(x) < 2"(M f)(x)

WERR —7 @, %AREH (B (x):r >0} C{B:Boa}, BRERARXT 15 [, [fldm REHFRHF

(Mf)(z) < f*()

B—Jr@, WiEE Bow, & B &ERH r, W BC By(x), @ Mf &% UiF

1 n# m n# mdef . .
(m/BlfIdm_z m(BQT(x))/B|f|d <2 Bar(®) /Bm(x) |fldm < 2"(M f)(x)

Hx LHS £ {B: B> a2} LREHRA f(x) < 2(Mf)(z) O

SIER 6 EM: & fell,, W fr T

loc?

ERR SAESM Va € R E, © {z: f*(2) > o} RFE, GFETUNAK o $9EEHEE f* T, & f*

892 X4 3B, > z,s.t. ,
fldm > «
i J,

FERENTREAN B, #MA B, CE,, XAMWA V2’ € B,

F() = sup —— /m

B>z’ m
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Bp2'€eE,— B, CE,, # E, #F% u



