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SJ@ 1 (Stein,Ch3,T16) Show that if F' is of bounded variation in [a,b], then:
b
a)/ |F'(z)| dz < Tr(a,b).
b
b) / |F'(x)|dz = Tr(a,b) if and only if F is absolutely continuous.

b
As a result of (b), the formula L = / |2’ (t)| dt for the length of a rectifiable curve parametrized

by z holds if and only if z is absolutely continuous.

B Tr(a,b) 897 LA

Tr(ab)=  sup Z [E(t)) — F(t;)

Pia=to<---<tn _b
R LR LIRS 8 VI(F), AT &A% — R 2Lk 69305

MERR (a). T G(z) = VE(F), N G %A, GFAIHMy 2 G LA EERL
b
/ G (2)dz < G() — Gla) = G(b)

W F € BV[a,b| %2 F' /& [a,b] L a.e A&, & E={z € (a,b): G'(2),F(2)ABL}, NHA 94 E
£ [a,b] FitM, @ VeeE A

Vit (F) = Vi (F)

! _ . _ .
¢z) = hligl* h B hllgh h
h—s0+ h ~ h—0+ h
= |F'(z)]

Hit G'(x) > |F'(z)| a.e x € [a,b], PTVA

Vi /G’ dx>/|F )|da:

(b). (=) : bt F Re4sHESE[H, #MmATRLELH, & (o) CE—AWHREX, TEHIENF
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—AHTEX, WHEE (0,0 ORI a=tg <t <---<t,=0b, BMNA

|

n
FeAC[a,b]

V(F,P) =) |F(t;) = F(tj)| =————

< /:1 |F’(t)|dt—/a |F'(z)|dz

Jj=1

3

#f LHS % FHiA %15 P BREFHRME VI(F) < [7|F()|dz, P
b
VAR = [ 1P @)l
(=) : & F € BV[a,b] AAEAHKM> 2GRS F € L ([a,b]), #Embing ks
H(z) Y / |F'(t)|dt € AC]a, b]
HMAIERAX Vo € (a,b), [T |F/(t)|dt = VE(F), B G(z) = H(z),Vz € (a,b), ZRAA
VIF)=VI(F)+VY(F / |F'(t |dt—|—/ |F'(t)|dt = / F'(t)dt

mﬁwﬁuif\/\iy%@% [T |F(t)|dt = ( )8 H(z) 89283t gt 3 Ve > 0,35 > 0,s.t. V{(a;, )}, C
[a,b) AR, & Z( a;) <6, WA Z |H(b;) — H(a;)| <&, &5
i=1

N N N
DOIFM) = Fla)| < Y V(F) =Y V() = Vi (F)]
i=1 i=1 i=1
N
=) 1G(H) - aZI—ZIH a;)|
=1
<e€
Firvh F € ACa, b] O

&R 2 (Stein,Ch3,T19) Show that if f : R — R is absolutely continuous, then
(a) f maps sets of measure zero to sets of measure zero.

(b) f maps measurable sets to measurable sets.

R T (a), FELIENA: 3 Ve > 0,36 > 0,s.t. VZ b, —an| <6, & Z |f(bn) — flan)| <&,
HEF I, = (an,b,) R—EAATSLEXE],; FiERFEL *‘J/&iﬂ

AT (b), RIEW fAe F, 472 F, %, BRETUEEA F, FEEMNEHIE

MUERR (a). B RGEA—AN3132: 3 Ve > 0,30 > 0,s.t. SHEZHARLGFEE I, = (a,,b,),n € N, R
F3 f;l\bn—an| <6, HH S |f(ba) — flan)] < e
n:Proof of Lemma ﬁi}iﬁ | 360 > 0,8t.V6 > 0,3 AARTGFRE I = (a,0),n €
", 8., Zlb(‘” V<, 4E’Z|f( )= F(a)] > & (*)
%ﬁ* 60 >0, gt s iéﬂu 351 >0,s.t. WESARABLILGFRXE I, = (ay,b,),n=1,---,N,
RE ,;1“)" —an| <0y, WK 7;1|f(bn) — flan)] < 53
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SHA 6 A% R BGERRIR (x), FEIE IO = (@, 00), #3108 = f(al))] > g0, @At
n=1

k e’}
VEe N, BA S Y —al < S — ol <6y, dstatEg b sert VE € N* K
n=1 n=1

B

) = flalP)] < Z

n=1

Ak oo 330 [FO0D) — (D)) < 2, X5 RGERIL (+) FE!
n=1

=AM, & N x%z:w% 5 Ve > 0, M3 6, 0 30 BN, s.t.m(0) < 5, HFEL
1

n=

=inf{f(z):z € ,}, M, =max{f(z):x€l,}

W f &I, Li#E%s, m, M, TEIL, LEBF, B Jz,,y, € L,,s.t. f(2,) = my, fyn) = M, (O 890 &
AR, RadiEAN T, 3R EZLFTHEN), &R J,= (Tn,yn) R (Yn, o), W {J,}32, AARK, H
2o dnl < X0 Hal <0, @EIESE 3T [f(yn) — flan)| <&, PTVA

n=1 n=1 n=1

m.(f(N)) <m(f(0)) = (U 7l ) < S mlf (1) € S 1F (a) — flan)| < €

W e 94 EMA m,(F(N)) =0, BF f(N) 2ENE
(b). BoIE fde F, £478) F, %: % F, £ F = U F,, BA F,= | F.n[-k k% U FEP
k=1 k=1
A—TNEENTR, mERLEEEIJRTORMALE, éi/ﬂﬂ% FIT VA

f) = 1 (U Uw) - () s
n=1 k=1 n,k=1
R F, &, T
SEETNE B, IF, £ F AREMNE Nst. E=FUN, Fiii

f(E) = f(F)Uf(N)

ERY =

SJ@R 3 (Stein,Ch3,T20) This exercise deals with functions F' that are absolutely continuous on [a, b]
and are increasing. Let A = F'(a) and B = F(b).

(a) There exists such an F' that is in addition strictly increasing, but such that F’(x) = 0 on a
set of positive measure.

(b) The F in (a) can be chosen so that there is a measurable subset E C [A, B], m(E) = 0, so
that F~!(FE) is not measurable.

(c) Prove, however, that for any increasing absolutely continuous F, and E a measurable subset
of [A, B], the set F’l( )N {F'(z) > 0} is measurable.

Hint: (a) Let F(2) = [ xx(t)dt, where K is the complement of a Cantor-like set C' of positive
measure. For (b), note that F(C) is a set of measure zero. Finally, for (c¢) prove first that m(O) =

fF,l(O) F'(z) dzx for any open set O.
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MERR (o). BE-FH EMEG (F)E ¢ =2), T4 [a,b] = [0,1], T C AH EMEG X Cantor £ (L

a

Stein,Ch1,T4, % —XKIJAR#HLFAH), T K =[0,1]\C % &

F(z) = /0 ()t

il
o F ERME: st 0<az<y<l, dg#fEs

HP G, A2 AARATRKEATERGTRBZ .8 C &AL E KT AKE] (2/,y) C
K,st. (2,y) C (z,y), &

’

Fly) — F(z) = /y X (t)dt > /y X()dt =y —a’ >0

’

e« FF'=0aezelC:
Trik—: @ Xy € LY([a,b]) %2, F'(z) = Xg(z) a.e v € (a,b), Prl3t aexeC H F'(z)=0
77k —: ¥ Lebesgue % E &2 (N Lec20) 43t aexz€CC K¢, A

m(K N B(z,h))

li -
A B Ry
Bp
) 1 x+h
o/, M=o
THEM XA o, F(x) =0, BA
Ia B — F 1 [ath 1 [eth
o< Pt })L (z) :h/ X (H)dt < h/ X (H)dt — 0
T z—h
F(z)—F(x—h) 1 [" 1ot
0 < F@) h(“" ):h/ th(t)dtgh/ (@) =0

i F o ROEEFHRAEAR, B F'l(z) =0, MXHFW o £ C F ae A&, & C EAENE

BE

(b). BA K ATHAFRRZHA, KM K = () (an,bn), 8 F EHH% F(K) = L) (F(an), Fb));
Bl F A KNC =0 4 F(K)NF(C) = 2, B F(K)UF(C) = F(KUC) UREBBIE, %
XATIHIE—T), A

m(F(K)) +m(F(C)) = m(F(K)UF(C)) =m(F(KUC)) =m(F[0,1]) = F(1) — F(0) = B — A
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B—s@, & F(K) = U (Flan), F(by)), M
n=1

B—A:F(l)—F(O):/0 Xk (z)dx /0 Xﬁ(an bn)(x)da:
—EI/ s = 3 [F(bn) = Flon)
= m(F(K))

KRz XMF m(F(C)=0, &1 F ¥4 F REH, @t/ FY(F(C))=C, EMNE—ZHRTATE
Fm (XA AR A9 E R ¥T VAK 25 CAFF 25mid 89 % —A2),

BN N CC ARTNE, B E=FWN), W

m(E) = m(F(N)) < m(F(C)) = 0 = m(E) =0
FY(E) = F-Y(F(N)) = N ATl

(c). Case 1. E=0 A7 %, & F #4%% F-

YO) WRFE, BE F 4344 F' € L'([a,b])
W BT,

,0)), #
{z: F'(z) >0} T, TR 945 % T 0%
Case 2. E=N AXRMNE, 4

A

— P Y(E)N {F’(:I:) > 1}
n
M F-1(E) N {F'(z) > 0} = U A,, BRAMPEEN Yo c N, A, Tl

Claim: *7%& O C [A, B] %)

m(0) _/F—l(O) F'(z)dx

Proof of Claim: ®FRLEMZTE, O TEATRAABLIRNTRXEZH O = Ej (an,byn), XFTHEA
n=1
(an,bn), 1 N-TI A Ko

/ F'(z)dz =b, —a,

F~1(an,by)

Remark: X2 &M% &EE F ARBARRFHH, T2 supfa € (0,0) F(@) = a,} = un,inf{a € (a,0)
F(z) = by} = vny M FNan,by) = (un,va), KETAF T @A F AL —TF

BT O = () (anby), {(an,bo)} BERZ, B F 838, FA (F-an,b,)} LABRL, $BE F-1(0) =
n=1



¥ &) # X E+=RFMENZEZR MATH3002.02

Ej F~Yan,b,), sesbdr F 384 F' 3E 7T, #td s RFAARY 2L
n=1

8

m(O)zm(U b ) i

n=1

= Z/ z)dr = /oo F'(x)dx
(an,bn L:JIF_I((an,bn))

= / F'(z)dz
F=1(0)
BT F AT

W5 =N HEMNEGHER, 3t Ve>030D N,st.m(0) <e, Mimhshmlg e m

e > m(0) = /F R /F o, T
m (F—l(()) n {F’(x) > i})
m <F1(N) N {F’(:c) > i})

WnRBEZYk, b= 08 A, =F Y (N)N{F'(z) > 1} RRAE, #m F-HN)N{F'(z) > 0} = [’j A,
n=1
LI SR 3
Case 3. E A—#&TME, M IGs £ G= () 0; ARAKMNE N, 1% E=G\N

>

>

SI— 3|~

A, = fj ((F‘l(Oi) n {F’(m) > i}) \ <F—1(N) n {F’(x) > i}))
ATME, #dm F-YE)N{F'(z) >0} T a

F o T RGEERMNA

“HG\N) = FTHG)\F(N), ﬂO ﬂF*(Oi)
B2 FHRESMA—RAZILELXF, BARR N ETREIRE—AMEL, KETAE TEFERBIK—K
SJRi 4 (Stein,Ch3,T32) Let f : R — R. Prove that f satisfies the Lipschitz condition

|[f(z) = f(y)| < Mz —y|

for some M and all x,y € R, if and only if f satisfies the following two properties:
(i) f is absolutely continuous.
(ii) |f'(z)] < M for a.e. x.

WERR AR5 M >0, M =0 8 f AFAEHHE, FARE
(<=): W f %3t ELG 5T f 12 AsRN L KT

[f (@) = fy)l =

<t>dt\ < [M17 @i < Mie—y
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BTH=ZFEELER
N
(:>) ¢ 5t Ve > 0, b= ﬁ, D\]'JX’J- V{((Li,bi)}ivzl, ARE Z(bz — ai) <9, ?Jtﬁ
i=1
N N .
;V(bi)—f(aiﬂSM;|bi—ai|<M'M=€

VA f e3ties:, #tdm f ae T, % o A—ATHGE, N&MNA

x) <M

F@+h) = f@)] < MIh| = ‘f<x+hf>b— I

A h—0 Brig |f'(z)] < M



