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3J@ 1 (Stein,Chapter 1,T1) Prove that the Cantor set C constructed in the text is totally discon-
nected and perfect. In other words, given two distinct points z,y € C, there is a point z ¢ C that lies

between z and y, and yet C has no isolated points.

JERR (AP A Xk Cantor & 69325 L& IF 3 0)
Totally disconnected: *f Vo <y e C,IN € N,s.t. [v —y| > 55, ©C Cantor ay#iz, % N $ 5

N

2
ATHRMKESY &, Koy LhT Fy < U Fyp PHBAANATRRGEE, B 32¢Cst.z <2<y

Has no isolated points: 3t Vz € C = ﬂ F,,Ve>0,3N eN,st. g5y <e, BT z € Fy = U Fynp, ¥

Jko,s.t. x € Fn gy, B Fyg, 5T @ %%5 yn, W@ Cantor £a9Mits yy € C B |x—yN| < <e,
BP Vo € C,Ve > 0, B(x,e) PHA A& C FaI&, & Vo e C #ARAIR L = O

SJ@ 2 (Stein,Chapter 1,T2) The Cantor set C can also be described in terms of ternary expansions.

(1) Every number in [0, 1] has a ternary expansion

z=Y a3, ap=0,1,2

o0
Note that this decomposition is not unique since, for example % =3 3% Prove that x € C <—
k=2
x has a representation as above where every ay is either 0 or 2.

(2) The Cantor-Lebesgue function is defined on C by

— b . — Gk ak
F(x):Zﬁ 1fx:Z3—k, where by, = >
k=1 k=1
In this definition, we choose the expansion of x in which a = 0 or 2. Show that F is well defined
and continuous on C, and moreover F'(0) = 0 as well as F(1) = 1.
(3) Prove that F' : C — [0, 1] is surjective, that is, for every y € [0, 1] there exists € C such that
F(z)=uy.
(4) Onme can also extend F' to be a continuous function on [0, 1] as follows. Note that if (a,b) is an
open interval of the complement of C, then F(a) = F(b). Hence we may define F' to have the

constant value F(a) in that interval.

JUERR (KA ¥ & X Cantor %Q’Jii% T30
on
() (=):&kzel= ﬂ F,, WV¥neN zeF,= F.r, £+ F,, £RHAXME, W&hEEA

ko,s.t. x € Fp g A E I 1, (x), W i Ak e Lo(x) Ny, BF I1(z) O Ly(z) > -, &A1 TFlathz
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L {Cln} 7FU {.?Cn} n=1 HTJ_, F1 = F171 UFLQ = [0 l] U [2 1:|, EX

)3 39
0, ze Flvlf’ifl(x) = F171 ay
ayp = . xr, = 3
2, x€ Flygf’&.h(x) = F172

Bix n<mia,z, TEZX, NWE n=m+18, §TF I,(z) FEIZEEFH %, 133 £ 4 mA
FH%E, @ Cantor £89MiEde [, 1(x) LAHLF—A, ATAKRAE L

0, Inp(2)REARNSFIAE o
a/m+1 - . . mer] = Z Sk
2, L (2)RAAIRAT H & k=1
#E4 Cantor £89#iE, BHIIE 2, & [,(v) 89 L35, CARAEMEFHIZEN, X 2, €C, B e,
fn
<z<amx,+ LN | | < !
Ty <z <xH+ — Ty, — x| < —
3n 3n

Bz, >z, XEN

=3 e Y gm0

RN

k n
k=n+1 k=n+1 3 3
FTvA o, = S Y Mk, WMMRE—Jr x = Sa
h=1 k=1 =1
(=) Bikz=3 $,a,=0RK2, MRALERZL z, =) &, L@CERIE 2, >z, Lux,eC,
k=1 k=1
B CANEHR el

(2). AR ERIEH F AR ZEH, BAVEZIEHA L

F(z) 89BEd v 9= HFEEX (R a, £ 1) "E—He, K ERMNBF:
wEKXF R a, £ 1,Vk, ﬂ'lii%u;"{%*-

RE, ﬁCBz—w“k

§:§:%Nk%ﬁ“ﬂ0% ERETE—, W Ik € N* st ay £ by, Bk

ko = min{k : a), # bk} ZQ% M BAVR ag, = 0,by, =2, M

FxeclC, Lzxty=

Oobk—ak 2 > bkfak 2 > 2 1
O=r-v=) Tm =gt 2 " 2w X woam
k=1 k=ko+1

FE BV EC, v MRKTA 1 HZHHEEE—, K Fla) WHASR—HR

. Fr) 2 SUMREOKS, XAZRSG, BH Flo)=3> %<3 L <o

BTRBIE P kSR, AT Zoyec, B \lx—y|k< LN ey BERRA L BHE
WERKF, AT ky AR HAARR

Proof Of Claim : % = = ) $k,y = > g—’;, i s = min{k : a # by}, BB T AR, M s <k,
k=1 f=1
R — AR a, = 0,0, =2, W

o0

2 br — ak - _ 1
_§+Z 2 735+23k— > —

1
3s = 3ko
k=s+1 k=s+1

FE LB E R

X Ve >0, BAVER ko,s.t. 505 <&, BR =55, Z6W 34, Fa,yel lr—yl<d, WA
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= ko <e
B F £ C L&ES
REHMETE 0= 5,1=> &, ¥ F(0)=0,F(1) =
k=1 k=1
(3). ¥ Vy €[0,1], ABE=_HES M y= glg—i FAE L ac—::%%, W (1) 4zel, L F(x)=y,
W F:C—[0,1] Zi#4
on— 1

(4). B4 [0,1]\C = U G, G, U G, A& Cantor A& TA PHMIZLIT X, HTRKAE

n=1

B A4 A £ 00 TF O P A 5 L P TS, Gox = (a,b), £%F a,beC, M F(a) = F(b)

BT (1) #2 X 4 I, (z), & Cantor E#HiEd4i4e, 1, (a) = I1,(b),Vm <n, Mm% m=n b, I,(a)
R I, () B3EEp I L SRR ADGATFER, L,0) 2 (o) $3EEF R L B7RH6 508 0T
SH, % m>n b, Im( ) & L, _1(a) #9355k 0 1 BRBMELQGIFEN, 1,(0) & L,_1(a) 35
P L BRI AEQHATER, CTAEBEBREL—T), Fihab @ RERA 1= EEGA n—1
2R, Mm% n it a WAEARKLA 0, bOERERKA 2, KB n+14aF45 a 9FEHEN 2, bHIRKALN
0, Hit .

F(b) — F(a) = 2%— > 2%:0

m=n+1

HA= L

F(z), zeC
Fla) = F(b), z € (a,b)c[0,1\C

B P RATBAE P RPIAAS, Bk I € (O01),50 F & g RFESE, Wl P RA RS
2% 1 Fla),b hm F(z) 64, tmb Pkl F AHER

TT r—):co
Range(F) C [0,a] U [b, 1]

{a2d (3) 4o F 691E3H [0,1], ZEARFE! REBMNBIEF £ 0=0,1%#%%, SMNRKRIEz=0
HEN, =1 R2EM, 3 Ve>0, i F £ C L#ESLML 36 > 0,s.t.Vz € C, |z — 0] < 4§, #A
|F(z)—F0)| <e, Rao=4, i F#FARBmYO<y<d, H

|Fy) = F(0)] = F(y) < F(z) = |F(z) - F(0)| <«

#mFfr=0%%
ZEF A (0,1 EEg 0

N
3]k 3 (Stein,Lemma 1.2) If R, Ry,--- , Ry are rectangles, and R C |J Ry, then
k=1

N
|R| <> IRyl
k=1
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N
HMNFEEHE Ry, Ry, AR R I AAFTARIEIZINGRL, LA T (U R PO FEFE
k=1
WL TR R H4ERA Ry, Ry GEAB T ZAERL @G 4R, WARMNA

N M ~
Jr.-U#h
=1 k=1

N

WA RC |J Ry, B&MEK R 9P stsraesy, A Hky,--- k) C{1,2,--- ,M},st. GLREF
k=1

AR B @ 44 N HEHS)

l
— R
=1

B gt
l ~ M _ N
Rl =) [Re| <Y 1R <) IR|
1=1 k=1 1=1
RE—ANDTETFRAANL R TRAET A R, + O

S]J& 4 (Stein,Chapter 1,T13) The following deals with G5 and F,, sets
(1) Show that a closed set is a G5 and an open set an Fj,

[Hint: If F'is closed, consider O, {x d(z, F) }
(2) Give an example of an F,, which is not a Gs.

[Hint: This is more difficult; let F' be a denumerable set that is dense]

(3) Give an example of a Borel set which is not a G nor an F,

WY X2
d(z, F) = inf d(z,v)

yeF

S BAHER AR R LT 2 EEHHK, O, ACEFE (—00, L) THR, KAHFE

WA (1). & O, = {z:d(z,F) < 1}, BhRIEN O, AFE: $T V2 e0,, Re=1—dF), Mzt
Vo' € B(z,e),Vy e F, H=ATRF XA

d(z’,y) <d(2',z) +d(z,y) <e+d(z, F) = —

BTFHFAF A2, F) < %, ¥ B(z,e) CO,, &z 9EEHm O, ZF%
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BTFHRER F= () O,
n=1
Fc m O,: 3 Vo e Fd@, F)=0, & 2 €0,,Yn, Fidhae ) On— FC (] On

n=1 n=1
N
F )

1

O, CF:3Voe 10, Bik v ¢ F, & F° RF %% IN € N*st. B(z, L) C F°, %
> % B o ¢ Oy, BT A

TIER Gy %1 BRI O HFE, M O RINE, S AETHFE% {0,)22,,56.0°= () O
8 De Morgan’s law %= n=1

d(:v,

-(0e) -Oe

He Oc =A%, FAER F, &
(2. & Q=U{r}, WELEERNE. Q TH & QAF, &, THIEH Q ~& Gs %

reQ
it Q= () Gu, k¥ G AFR, 3 {ra )32, £ Q @—AH5], 2LV, = G\{ra}, MV, 1%
n=1

L, BEL O, = () Ve, MAMA 2 FUE
k=1
1. O; 205 2D
2. O, m v,
n=1 n=1

. Ave A\ (Uo)-ae-o « Av.-o
4. Q\{rn} c Gn\{rn} _7vn, HT Q ﬂﬂl%?é‘l‘ﬁ/l\%i%ij R ¢HETE, & Vn,V, £ R WAFTE
5 ARENABEFEGIMARETE (LAEREWER), ¥ Vn,0, L& R ORETE
FETRMEFE, BT O AR GAEFE, A 3L =[a,01]CO1, Bbi—a1<1; 8F O, R &
REFE, FOATALE I = [a,by] FHRE] I, = [ag, bo], H by —as < %, V3%, HATTAFE—FH K
B {1}, A
L DL, D, JLHOIONM_W

WK £ % 4 Frg,st.20€ () O1C () On= () Vo =2, FJ&!
(3). 5% 1: QxQ° A
FAMNE B4 FILEANR

.k ECR?, RLEHEARTAKFRET

E,={yeR:(z,y) e E}CR, E'={zxeR:(z,y) € E}CR

e X EAME, NENE, EY HAERE: & {y,} CE, sty >y, WA (2,9,) — (z,y), B E &
H&H (2,y) € B, #m yc E,, % E, A%
« ¥ ERAF, %, WHAN E, EY #H~AF, %: % FE= UFna HxF F, A%, 0

n=1

o0

E,={yeR:(z,y) e B} = J{yeR: (z,y) € F.} = |J(Fn)a
n=1 n=1
e & ERFE, WHENE, EY #HAFE: FyecE, N (v,y) € E,3e>0,s.t. B((z,y),e) C F, #
W (y—e,y+e)CE, ¥ E, #F%
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£, MEAN B, E, #% G £: £ E= () Ga, £F G, AF%, 1)
n=1

o
=
P
R
o

o

E,={yeR:(z,y) € B} = [{y €R: (x,y) € Gu} = [ |(Gn)s
n=1 n=1
BETREMAA QxQ° AA Gs FLREF, &, FER G &, HRreQ, N (QxQ)" =Q £
Gs %, 12ix5 (2) /4!
FCRF, &, B qecQ, M (QxQ9),=Q° R F, &, #tm Q= (Q°)° & G; &, 12ix 5 (2) F

!
A% 2: E=(QN[0,1))U((1,2) NQ°)
WRTARA L4, PHIET .

TN % A B #HAZRGHEAEFE, I ANB LA R GAFTE (BRHFEHETAME B AR

IR @ILAE S EHeAR: XCR AAETRE — VEHERFR O, ONX #£0
xaLVOcR;aﬂ“%, JFREBICO, HARAER INA+0, mINALRFE, 246 B AEHw
(INANB#g, mIN(ANB)CON(ANB), & ON(ANB) # @, FIXA ANB & R 89AEFE

3@ 5 (Stein,Chapter 1,T19) Here are some observations regarding the set operation A + B
(1) Show that if either A and B is open, then A + B is open. (72 &iX 22 either 7~ A& both)
(2) Show that if A and B are closed, then A + B is measurable.

(3) Show, however, that A 4+ B might not be closed even though A and B are closed.

Y X260 ES A BHAR B9T%
A+B={r+y:z€ A ye B}

WERR (1). A5k A RFE, TERZLEW A+B AFE: A Vo+yc A+B, Bh A RFE, 2 € A,
# Je > 0,s.t. B(x,e) CA, FiE Blx+y,e) CA+ B

5t Va € B(z+y,e), BA a= (a—y)+y, FIAKMAERIEa—yc A, #ma=(a—y)+y € A+ B,
/igﬁ’]

(a—y)—zl=la-(z+y)<e

PPa—y€B(r,e) CA= B(x+y,e) CA+B, # A+ B A7 %

RE LT Y4 FIEB

A+B=|JA+{b}
beB

WA+ {b} R TFE AT, BNMAFE, A+B A —%FEZH, &MAFE

(2). Case 1.A, B # 2 %%

BAVERA A+ B LREE, OTAR FRESHARMNEFH, AMAFIEH A+ B ARALAMNE,
—Z@w A B Z%EL IM,, My, s.t.

lz] < M |y| < My, Vre AVyeB

#HmM Vo+ye A+ B, MK
|z +y| <z + |y| < My + M,
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¥ A+B AR, F—7@BER {v,+y. 2, CA+B, Lz, +y, va, THIEAaoc A+B, & A
AR E g {x, )00 BAMKTI {2, }32,, st 2, = 10 €A, B B REEI {y,, 122, HAEIKKT T
{ynkl}z’;l,s.t. Yny, — Yo € B, AN E JET T {xnkl —|—ynkl}j’§1, ) Ty, + Yn, — To+yo € A+ B, B R
FReE—4r a =20 +y € A+ B, % A+ B 2%

2t A B RERW, A+ B LRER, TN

Case 2. —fXIF

BA A— fj ANBO,F),B= | BNB(O,k), * Vk € N, ANB(0, k), BN B0, k) £ARINE, &

k k=1

ABE, EEE

A+B= || |JAnBO,k)

(@

UBmB(o k)

k=1

el
Il

1

[
T8

([A N B(0, k)] + [B N B, l)])

k,l=1

RTHAF R HE, HTH
(3). &#l 1: £/8 R* Lask s

A={(z,y):zy=1,2 > 0},B ={(z,0) : z € R}
HEb A& XL (FRARMERY), B & x4, N
A+B:{(x+y,;):x>0,y€R}

Ry=—xz=n, M (0,2)ecA+B, B (0,%)—(0,0), 122 (0,0)0¢ A+ B
B 2: FER LGRS
> 1
A:Z,B:U{n+n}

n=1

Bm=-neAn+LeB, icA+B, 150, 220¢A+B O

S]@ 6 (Stein,Chapter 1,T25) An alternative definition of measurability is as follows: E is measurable
if for every € > 0 there is a closed set F' contained in E with m,(E\F) < & . Show that this definition

is equivalent with the one given in the text.

MERR 5 Eege L AR ECR™ T, %3 Ve>0,30 F %, 3 ECO H m,(O\F) <e; itHh LEay
RXA (1), —FHIRLA (2)
(1) = (2): & E T4 Ec &R, W3t Ve >0,3 F%& O D Es.t. m.(O\E®) <e, £J& F =0°,
N FRAANEL FCE, E\F=ENF°=ENO=(E)NO =0\E*, #
m.(E\F) = m,(O\E°) < e

(2) <= (1): % E A, Wt Ve>0,3 M%E FCE,st.m(E\F)<e, /& 0=F, ] 0&AF
£, B E°CO, O\E°=0n (E°)° = (F°)°NE=E\F, %

m.«(O\E°) = m,(E\F) < ¢

#td B¢ TN, oA & E LT O
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| S8 7 % R RM4Ek, iE% m.(OR) = 0,m.(R°) = |R|, %+ R° &7 R & HN3

WERR #9E% m,(OR) =0, REHIER Ve > 0,m.(OR) < e BI¥T, LA FE_# FIk, T

def

1 n n
P {%([0,1] +m):meZ

Fr={Q €Ty : QNOIR # &}

W) RAVA e T AL
Area(OR) x 27F x 2
2—kn

#F, < = 2Area(dR) - 2¢n~D

AFoTRAEEZORKTRAM UR@ARA Area(0R), @A 27F, x2 ZABA OR THRELTHNZ#T
wegndkd b)), SBARANZ ST RGRR, dtm

2Area(OR)

m(OR) < ) Q=2 #F ==

QEFk

%k — oo %2 m,(OR) =0

FETRIEA m(R°) = |R|, —F@dEfts m,(R°) <m.(R)=|R|, B—7F @, 3 Ve>0, &AM
FRBEFLERGENTIER A7 — 8, RBHEGEBLAB ), RMREZERXRTRX “£2K%7, RLFERE
# 3R C R° C R,s.t. |R| > |R| > |R| —¢, #mb LA

m.(R°) = m.(R) =|R| = |R| — ¢

A e — 0 BPiFiE O



