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SJER 1 (Stein,Ch2,T14) In Exercise 6 of the previous chapter we saw that m(B) = vgr?, whenever B
is a ball of radius r in R¢ and vy = m(By), with B; the unit ball. Here we evaluate the constant vy.

(a) For d = 2, prove using Corollary 3.8 that

1
vy :2/ (1—22)Y2dx

1

and hence by elementary calculus, that v, = 7.
(b) By similar methods, show that

1
Vg = 2041 / (1-— :1:2)(‘171)/2 dz
0

(¢) The result is
/2
YT T2+ 1)

Another derivation is in Exercise 5 in Chapter 6 below. Relevant facts about the gamma and beta

functions can be found in Chapter 6 of Book II.

JEBR (1). %
Fla) = (1—2%)2, zel-1,1]

0, else

wA={(z,y): -1<2<1,0<y< f(z)}, WkiRAHE 3.8, ATH, A

vy =2m(A) = 2/ X adzdy

R2

f(x)
= /(/XAdy>d1‘:2// 1dydx
R \JR R Jo

=2 1 flz)dz ==

-1

(2). L f:RIT SR 4T

fay = LR 0<el <1

0, else

RWA={(z,y): 2 eR"LyeRO0<|2|<1,0<y < f(2)}, SBA=E y b, AY={2:0< |z| < (1—y2)%},
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m(AY) =var - (1= 9%

vg =2m(A) = 2/ X adzdy

Rd

1
=2/ / Xa(z,y)dzdy
0 JRd-!
1 1 .
= 2/ m(AY)dy = 27}d1/ (1- QQ)Tdy
0 0

(3). Ry=vz, Mdy=gzzde, Bt

/O(]__y2)d2 dy:% ; af%(l—m)%d:c:%B <;,d—;1)
TONCORVENC
2 (%42 2 (%2
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Ve gy~ (e
B a2 re ond
SV gy T

SJER 2 (Stein,Ch2,T17) Suppose f is defined on R? as follows:

Qy,, n<zr<n+l,nly<n+1l,n>0
[z, y) = —an, n<z<n+l,n+1<y<n+2,n>0

0, otherwise

Here a, = Y, ., bx, with {b;} a positive sequence such that > - b; = s < c0.

(a) Verify that each slice f¥ and f, is integrable. Also for all z, [ f.(y)dy = 0, and hence

/( f(w)dy) dz = 0

(b) However, [ fY(z)dz =aoif 0 <y <1,and [ fY(z)de =a, —an_1 ifn <y <n+1withn>1.
Hence y — [ f¥(z)dz is integrable on (0, c0) and

/(/f(x,y)dx) dy = s

(c¢) Note that
/ [f(z,y)|dz dy = oo
RxR
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WERR (a). B® 2 € R, % x € (—00,0), M f.(y) = f(x,y) =0, FVA f, € L}(R), H

[ way=o
R
Frenn+l), ¥ n>0, 0

ay,, n<y<n+l1
fo(¥) =4 —a,, n+1<y<n+2

0, otherwise

/|fm<y>|dy=an+an=2an<oo
R

FrvA f, € LY(R), BBt
/sz(y)dy:an—anzo.

A(/ﬂ@f(w,y)dy%x:/Rde:o

FERZ yeR, Hy<0, M f¥(z)=0, ATk fr € L'(R)s £ 0<y<1, N

ag, 0<z<1
o |

#

0, otherwise
B fYe L'(R)e HEn<y<n+1l, ¥ n>1, 0

—Qp_1, Nn—1<x<n
[ (x) = QAn, n<r<n+l1

0, otherwise

/ |fY(x)|de = ap—1 + a, < 00
R

RHANMA f¥ e LY(R)
(b). Z#0<y<1, 0

/ fY(x)dx = ag = by
R

En<y<n+1, AFn>1, N

n n+1
/ fY(z)dx = / (—an_1)dz —|—/ andr =a, — ap_1 = b,
R n—1 n

it
o) = / f(x,y) de

W &g o5 Hrde

by, n<y<n+1,n>0
9(y) =
0, y<o0
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l9(y)|dy = /Ooog(y)dy = i/

n=0""

/R(/Rf(x,y)dx> dy = s

(c). ZQF=[n,n+1)x[n,n+1),Q, =[n,n+1)x[n+1,n+2), MEES QL Q, LA |f| = a,,

& st
/ |f(x,y)|dxdy=2(/ andxdy—l—/ andxdy):22an>22b0:oo
R2 By n n=0 n=0

n=0 n n

n+1 o0
body =) b, =5<o0
n=0

Fiik g € LN0,00), FH

F XL/ AEA Tonelli € P aydE it B L2209

SJ@ 3 (Stein,Ch2,T20) The problem (highlighted in the discussion preceding Fubini’s theorem) that
certain slices of measurable sets can be non-measurable may be avoided by restricting attention to
Borel measurable functions and Borel sets. In fact, prove the following;:

Suppose E is a Borel set in R?. Then for every y, the slice EY is a Borel set in R.

Hint: Consider the collection C of subsets E of R? with the property that each slice EY is a Borel set
in R. Verify that C is a o-algebra that contains the open sets.

WA X BV ={x € R: (z,y) € E} , &
C={ECR*: sE&y c R, EYARY¥ & Borel £}

THER C =— o-KRE#k
(1) BAMEE yeR, A (R?)Y =R, m R & Borel &, PFIXAR?’ec(C, 2K o€
(2) # EFeC, B2 yeR, HE&E xR, A

x € (E)Y <= (2,y) € B <= (v,y) ¢ E <= v ¢ EY <z € (EY)°

Bk (B9 = (EY)°, % (E°)Y 4% Borel &, EccC
3) # E,€Cn=1,2,..., Wt&E ycR, A

(UEn> ={zeR:(x,y) e | JE}={JE!

® T &/~ EY 4 & Borel &, H Borel &3+ T #53t1H], ¥ (U, E,.)” & Borel &, BrA |0 E, €C
FTVA C =—A o-R#&, TERIEFAMAFEALTC, RUCR? A%, A€ yeR. ZaclUY, N
(z,y) €U, W1 U F4, Bl e>0, &HF

B((z,y),e) CU

FRY |2 —z|<e b, (@,y)eU, Bp 2’ cUY PIAUY R F8FE, A Borel &, UecC, &
C A% R PAIAFTEN o-RE, &

BR?) cC
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Tl E & R?2 w69 Borel &, M EcC, BFPifiE&E yc R, Wh EY 2 R ¥49 Borel & O

)@ 4 Prove that Vf € LP,1 < p < oo

Hﬂm:pA m({|f] > t)r-dt

JERR A& 2, BN SRS

£ ()] o
If(ﬂa’)l’”—/O pt”_ldt—/o PP X gy dt

B T A AS 2 ptp_1X{t<‘f(x)|} >0 BT, & Tonelli &%
£l = /Rd |f(x)[P dm = /Rd (/0 Ptplx{xf(w)}dt) dm —/0 ptr~! </X{|f(w)|>t} dm) dt

[ Xasrsa dm =m({11] > 1)
B 3t N
1117 =p/0 m({|f| > t})r" dt



