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Some Words
I finished part of problems of chapter 1 and all exercises of chapter 2. Here follows them.
Problems of Chapter 1

Problem 1

Proof. Consider Borel-Cantelli lemma: Since {(m,n) : m,n € Z, n # 0 and m,n are relatively prime} is
countable, we enumerate it with {ry}32;. Then we consider the events:

m 1
E. ={x:rp=(m,n) and |x—;| < 31
Then It’s clear that
Som(Bn Y+ 1) <353 5 <o
k=1 k=1 h=1
= m(limsup (E,.k ﬂ[n,n + 1))) =0
k—oo
= m/| limsup F,, | = m| limsup (| E, n,n+1)] =0.

n=—oo

Problem 5
Proof. Let € > 0 be arbitrarily given and U;, i = 1,2 be open sets such that F; C U; and
ma(E;) <m(U;) < mu(E;) +e fori=1,2
Since E C Uy U U,y, we have
mE < m(U; UUs) = m(Uy) + m(Us) — m(Uy NUs).

This gives m(Uy ((Uz) < m(Uy) + m(Usz) — m(E) < 2¢ by the assumption that mE = m.,(E1) + m.(E2).

Now, observe that
Ui\ E; C (UlﬂUg) U ( <U1UU2) \E). fori=1,2.
This implies for i=1,2:
w8 < m (@ N U (@ Uva )
< m(Uan2> +m((U1UU2)\E>

<2e+m(U; UU;) —m(E)
< 2e+ m(Ul) + m(Uz) — m(E) < 4e.

Since € > 0 was arbitrary, it says that E; are measurable for ¢ = 1, 2. O
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Problem 7

Proof. Problem: Show that if f(z) is linear, then m(I" + T') = 0, and that if f(z) is not linear, then I' 4+ T
contains an open set.

Theset T+ T is {(x+ 2z, f(z)+ f(2) : 0 <2 <1,0 <y <1}. By just the form y = mz + b, it’s easy to show
that if f(z) is linear then C'+ C' is on a line.

To prove the second part, consider the Jacobian determinant of

(z,2) = (x + 2, f(z) + f(2))

is f’(z) — f/(z). This is going to be nonzero if x # 2z are both near a point y where f”(y) # 0. So the
inverse function theorem implies that the image of this map contains an open disc centered at the image
of some such (z, z). O

Exercises of Chapter 2

exercise 1

Proof. Consider the collection:

{ﬂFk' Fk denotes F}, or (Fy)° } {m Fy) },

k=1

which clearly holds the conditions in the problem. O

exercise 2
Suppose hs(x) := h(0x).

Proof. The proof is a simple consequence of the approximation of integrable functions by continuous functions
of compact support as given in theorem 2.4.

For any e > 0, 3 continuous function g with compact support such that ||f — g|| <.

Since g is continuous and has compact support we have that clearly:

los —all = [ lat62) = a(@)ldz 0 as 51
Finally we have:

1fs = fll < llgs — gl + 115 — g5l + 1f = gl
||f gH

<llgs — gl + +If—gll =0 asd—1.

So if |§] < A, where A is a potive number sufficiently small, then

If—gll

llgs —gll < e and 5 <€,

which follows that || fs — f|| < 3¢ whenever || < A. O
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exercise 3

Proof. First we point out an equation: for any interval £ € R

/E+27T f(z)dx = /RXE+27r($)f(£E)dx = /RXE(SU —27) f(z)dx = / X—p(27 — ) f(z)dx

R

= [xes@ier—oyie = [ xe-a)i(-ajde = [ xp@)f@s

= /E f(x)dx

WLOG, we suppose I := (a,b). ( Containing endpoints or not doesn’t matter. ) Also it’s clear that
I is contained in two consective intervals of the form (km, kw + 27) and (k7 + 27, k7 + 4m). Then we have

[ rayia = /( s /( T
- / e f@ = / . fe
ot @t = ([
S e

exercise 4

Proof. WLOG we assume that f(¢) > 0. Now suppose

~ ft) ifo<t<b _ Lift>o0
t) = and =<1 . 1
1 {0 if else 9 0 if else L

It’s clear that f(t) and (t) are measurable functions on R. Then we let

h(z,t) = f(£)g(t)X{o<a<t<b} (2)

Then h > 0 and h is clearly measurable since they are multiples of three measurable functions.
By Fubini’s theorem, the function ffcoo h(z,t)dt is measurable on R.

Moreover we have:
- b ' ()
/ h(z,t)dt = / h(z,t)dt = / Tdt = g(z), where 0 < z <b.

— 00

Therefore we have:

/Obg(x)da::/Ob(/_O:oh(:c,t)dt)dx—/ (/:hxtdt>d:c—/ h(z, 1)
—/Z(/Zh(mt)dx) /(/Othxtdx)dt /f

It follows that g(x) is measurable on [0, b]. O
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exercise 5

We shall omit it since it’s already taught as an example in the class.

exercise 6

(a) Solution: Suppose a function:

n iftenn+k)n=123,...
ft) = _ ’
0 if else

It’s clear that f(¢) is measurable but limsup,_, . f(z) = o0
(b) Solution: We prove by contradiction. If lim|,—o f(z) # 0, then by definition 3¢ > 0 such that

Han} st |zn] — 0o and [f(2,)] > e

WLOG, we suppose |Zy11| > |2,| 4+ 1 for every n in the sequence.
Since f is uniformly continuous, for such e,

€

30 <6< 2 Ve—yl <0 <|f(:r)f(y)| < 2).

Then it’s clear that

1 1 1 1
(xn*?anri)ﬂ{xm* i’meri) = () for every m,n € N

and

1 1
(Xn — =, 2n+ =) C{x: f(x) > %} for every n € N.

2 2
Therefore by Tchebychev inequality:

/|f2;><m({x:f(x)>;}):oo

A contradiction from the integrability of the function.

exercise 7

Proof. We let F(z,y) =y — f(x) which is a measurable function by corollary 3.7. Then {F =0} = {(z,y) €
R? x R :y = f(x)} = v is measurable, which proves the first assertion.
Suppose ¢ := xr on R4, By Tonelli’s theorem, we have

m(w)LxFAd<Agxdy>dx4d0dxo
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exercise 8

Proof. Let € > 0. By the absolute continuity of the integral, 30 > 0 such that

m(F) <§ = [E|f|<e.

Then for such € > 0, we clearly have

iy — y|<6( II/fd:c|<e),

since m([y, g]) < d. ( WLOG, we suppose y < ¢ ) O

exercise 9

Proof. Since axg, < f, we have

/aXEQS/fﬁm(Ea)Sé/f-

exercise 10

Proof. suppose

g(z Z 2fxp, and h(x Z 2kXEzk

k=—o0 k=—o00

Then it’s clear that g < f < h, which follows that
Zka(Fk):/g</f</h—22k (Eayr). (4)
k=—o00 k=—o0

Also we have the following:

ZQk Fk <00 — Z Z2h Fk <0 — Zz2h Fk

k=—o0 k=—0c0 h=—00 h=—o00 k=h
0o
= Y 2"m(Ey) <o
h=—o00

From (4) and the induction above:

f is integrable iff Z 28m(Fy,) < oo iff Z 2" m(Eaqn) <

k=—0c0 h=—00

Then we apply the proposition we proved. First for f(z):

1 1 1
EQk = O<07k> and Fk = O(O,k> —O<O,k+1)
2a 2a 27

Thus
- d
> 2km(Ey) CZQ’C <oo«t>177<0<ﬁ>a<d
k=—o0 k=—o0
Simlarly we can prove the case in g(x). O
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exercise 11

Proof. We prove by contradiction. If the statement ( f(z) > 0 a.e. x. ) doesn’t hold, then We have the
contradiction:

m({f <0}) >0 = Tm m({f <~ }) =m({f <0}) >0
— 3N st m({f < —%}) > 0.

< 0.
{f<-% N

Then we have

/ fdx =0 fora.e. x = f(z)>0forae x and f(z) <0 fora.e. x.
E

= f(x) =0 for a.e. x.

exercise 12

From exercise 14 of chapter 2 in R? we know that m(B(0,7)) = Cr? where C is a constant dependent on the
dimension of R?,

Proof. We shall construct a sequence {I,,} such that for any x € R?, there are infitely many I,, containing x.
Observe that I{Ny : k = 1,2,...} such that:

Ni+171 1
Ni=1 and Z T > 1.
k=N,
Suppose T; = Zgzl N;. Then we let
B 0,(1@)5) ifn="T;(j=1,2,...)

I, =
B(0, (S i)é) - B(o, (Cria 7Y ,1>3z) if 7y < n < Ty

Then it’s clear that for I,,: for any = € R%, there are infinitely many I,, containing x.
Then we let f =0 and f, = x7,. Since for any 2 € R?, there are infinitely many I,, containing x,

fn(z) = f(x) for no x.

Moreover since |I,,| — 0,
If = fallLr — 0.
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exercise 13
Proof. Let A= {0} x [0,1] and B = N x {0}. It’s clear that
m*(A) =m*(B) =0 = A, B measurable.
While A + B = N x [0,1] is not measurable, since otherwise
N x [0,1] measurable and m*([0,1]) >0 = N C R measurable.

A contradiction! O

exercise 14

Proof. (a) Define a measurable function ( its measurable is from its continuity. )

—x2% if x — .
f(x):{(()l )2 ifaxe[—1,1] ©)

if else.

Let A = {(z,y) € R? : 0 < y < f(x)}. Since f is measurable on R, A is measurable by corollary 3.8.
Moreover,

vy = m(AUB) = m(A) + m(—A) = 2m(A) = 2/ XA

R2
1
:2/ (/XAdy>da::2/ (1—2%)3dz.
R \JR -1

(b) Similarly, Let A = {(z,y) : R"! xR : 0 <y < f(z)}, with

(A=)} i 2] € [0, 1).
) = 7
fle) {O if else. )
Similarly we have the following:
Vg = m(AUB) =m(A)+m(—A) =2m(A) = 2/ XA = 2/ (/ XA(x,y)da:)dy
Rd R \ JRd-1
=2 [ ae ([ -
[0,1] Rd—1
=2 [ e (e R A0 k0 2 ) )y
[0,1]
= 2/ (1- yQ)dglm({x cR¥: 2] < 1})dy
[0,1]
1 d—1
= 2vd_1/ (1—2%"7 da.
0
(c) We shall omit it since it’s usual procedure of fundamental analysis.
O
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exercise 15

Proof. Since f(x) is riemann integrable on [0,1], f is lebsgue-integrable on [0,1] by theorem 1.5. Tt follows
that:

L
/ f <oo = f is integrable on R.
R

Therefore for every n € N*, f(x — r,,) is integrable. And so is %
Since
N
1): Zanf(xfrn) — F(z) a.e. x and (2): Fy(z 22 "flx—ry)st. 0< Fy <F,
n=1 n=1
by Monotone Convergence Theorem, we have:
/RF:A}i_r}loo N—hm Z/Q”fx—rnzz < oo =— F'is measurable.

This implies that F is finite-valued for almost all x € R.
Now let F' be any function that agrees with F almost everywhere, and I be any interval on the real line. Let
rn be some rational number contained in I. Then for any M > 0,

1
~onae ™t ovgpe)

fle—=rNy)> M, z € (rn

which intersects I in an interval Ip; of positive measure. Since F agrees with F a.e., it must also be greater
than M a.e. in this interval I; C I. Hence F' exceeds any finite value M on 1. O

exercise 16

Proof. WLOG, suppose f > 0. We only prove the case when d = 2, then it’s an easy consequence of

induction.
/]R2 I :/ (/ f(51$1,52$2)d1‘1)d332 = wll(/Rf(sz@)dxl)dmg

1
\5152 (/f 1, To d(L‘l)d!EQ |5162| . f(z1,29) < 0.

exercise 17

Proof. (a) Since each slice fY is a simple function, fY is integrable. And so is f,. For fixed x, we let
x € [n,n + 1) without loss of generality. Then

/fm(y)dy = (/{WH) +/{n+1,n+2) )fm(y)dy =y —ap, =0 = / (/f(x,y)dy) dx = 0.

(b) First if 0 < y < 1, we have
/fy(ﬂc)daj = fY(z)dz = ag > 0.
[0,1)

Problem 17 continued on next page... 9
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Second if n <y < mn+ 1, we have

/fy(a:)dx = </[n,n+1) —|—/[n_1,n)>fy(x)dx =a, —an_1 > 0.

/fy(:c)d:czo and /(/fy(m)dx)dy:ki;bk:s<oo

(¢) We have the following equation

o= (e (o=

Therefore we have

exercise 18

Proof. let
T fit) ifo<t<1
1) = {0 if else .

(8)

Then let g(z,y) := | f(x) — f(y)| which is measurable on R?. Since |f(x) — f(y)| is integrable on [0, 1] x [0, 1],

foen=[ @ rwl<o

which means that g(x,y) is integrable on R?. By Fubini’s lemma,

o= [ ([owac)a=[ ([ 156~ srwiac)a<oo

= Jyp€[0,1] :/[0 : |f(x) = f(yo)ldx < 0o and |f(yo)| < oo.

— [ f@)de < / 1F() — F(yo)ldr + |f(yo)| < oc.

[0,1] [0,1]

Therefore f is integrable on [0, 1].

exercise 19

Proof. Since xg, (z,a) > 0 is measurable on R? x R, we have

/Ooom(Ea)da = /oo(/deadm)da - /}Rd(/ooo wi. do)dz

R
f(z)|dz.

0
|
Rd

10
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exercise 20

Proof. To prove EY is borel, consider a function f(x) = (z,y). Since EY = f~Y(E({y}) and it’s clear that
f is a borel function, EY is borel. O

exercise 21

Proof. (a) Since f(z —y) is measurable on R?? by proposition 3.9 and g(y) is measurable on R?? by corollary
3.7, f(x — y)g(y) is measurable on R2%.
(b) The integrability of f(x — y)g(y) is direct from below:

[t = i = [ ol [ 1= wiae)as= [ gl [ 156
= [ lowlay [ 1)t <o

/ |f(z—v)g(y)|dy < oo for a.e. x,

(¢) We only need to prove

which is clear by Fubini’s lemma from

/ |f(z —y)g(y)] < 0.
RZd

(d) Since f and g are integrable, then f x g is well-defined for a.e. x.
And we have

[ifi<oe and [ gl<oo= [ i -nai= [ ([ 17 natldr)as <o

re—vswarje< [ Rd|f<x—y)g<y>|dy)dx<oo

=

Rd | JRd

therefore f * g is integrable.
And we have

Dl = [ G <a)@lde < [ 1@ =gto)
= [ latwidy [ 17()ide = 1)z 0 s oy
Rd Rd

(e) First it’s bounded, since

Ol < [ @) =1l <o

Second we prove it’s continuous. Assume € > 0. Observaing:

f©) = fel < [ 1@l - ©)

We have two following facts

fore>0,E|R>0(/ |f<Z>. and  [e? — 1] < |cosf] + |sind|. (6 € R)
By

Problem 21 continued on next page... 11
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Then let ||£ — pl| < By applying the facts we observe:

€
SWR‘IfHLI(]Rd) :

&)= ool < [ s@lleen = ( + [ § Y@l —y

< [ 1) (Ieostzmate = + sinteriots — ) +2 [ 110 < C0,

c
R

Finally, the last equation follows from
Fro)€) = / ( f(xy)g(y)dy>e2m5dm— / ( f<xy)e2”5<H>g<y>e2”fydy>dx
Rd Rd Rd Rd
-/ ( f(x—y)eQ’fif(”mx)g(y)emfydy: / ( f(x)eQWiEfdz)g<y>e2”ifydy
Rd Rd Rd Rd

~

= f(§)9(8).
O
exercise 22
Proof. Let &' = %W and we have:
7 1 —2mix —27i(z—¢’
floy= ([ swe st [ se - gre o)
R4 Rd
1 X )
_ 5 < f(m)ef%rmfdx o / f(x o gl)€2wm’5daj>
R4 R4
1 .
= §/ <f(a;) — f(x — 5’))6_2“”50&‘ -0 as || = .
Rd
O
exercise 23
Proof. We will prove it by contradiction let f = e‘””z, we have:
—~ oo ) 2 2
fo) = / & emINE e‘%/ e Vdt = C(d)e™ T,
—00 Rd
with C(d) being a constant related to d.
Moreover
fxI=f = fof:f: T =1 for ae. X,
a contradiction to exercise 22 since I — 0 as |¢] — occ. O

12
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exercise 24
Proof. (a) Assume f is integrable and 3M > 0 such that |g| < M. Then we have:
(0o~ (£ =| [ (=0~ 1= 0))ata] <1 [ |- 1= ]y
R4 Rd

=M
Rd

F9) = $le == )|dy = M) = 70— =+ 2)ls e
Then by proposition 2.5:
Ve > 0,36 > 0 s.t. <||z—a:| <0 = |fly) —fly—z+2)| < e>.

It immediately follows that f * g is uniformly continuous.
(b) Since f and g are in L*(RY), f % g is in L'(R?%) by exercise 21. Since f g is uniformly continuous and
integrable and exercise 6(b), we have

lim (f*g)(z) =0.

|z] =00

exercise 25

We shall omit it since hint tells everything.

13



