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S]J@ 1 (Stein,Chapter 1,T1) Prove that the Cantor set C constructed in the text is totally discon-
nected and perfect. In other words, given two distinct points z,y € C, there is a point z ¢ C that lies

between z and y, and yet C has no isolated points.

HUEBR (AR ¥ A X Cantor %6925 R JHiHF L)
Totally disconnected: *F Vx <y e C,3AN € N st. |z —y| > g%, @I Cantor £A9tiE, % N $/5

A TR K & WaSN,éuyw;,%FNd:erFMq:éeammmm:m A Iz ¢ Cost.a<z<y

Has no isolated points: 3t Vo € C = ﬂ F,,Ve > 0,dN € N, s.t. 3N <eg, BT xe€Fy= U Fn, #&

Jko,s.t. © € Fy gy, B Fyg, 5T @ él]-%‘s yn, W& Cantor FeMiEd yy € C B |ac—yN| < v < €,
BP Vz € C,Ve > 0, B(z,e) TARA L C FHIE, ¥ Vo eC HTAIRLE O

SJ@ 2 (Stein,Chapter 1,T2) The Cantor set C can also be described in terms of ternary expansions.

(1) Every number in [0, 1] has a ternary expansion

z=> a3, ar=0,1,2

Note that this decomposition is not unique since, for example % =5 3% Prove that x € C <~
k=2
x has a representation as above where every ay is either 0 or 2.

(2) The Cantor-Lebesgue function is defined on C by

oo b o0
F(x):ZZ—: ifa;:zg—:, where b, = —

In this definition, we choose the expansion of x in which a = 0 or 2. Show that F is well defined
and continuous on C, and moreover F'(0) = 0 as well as F(1) = 1.

(3) Prove that F' : C — [0, 1] is surjective, that is, for every y € [0, 1] there exists € C such that
F(r) =y.

(4) Onme can also extend F' to be a continuous function on [0, 1] as follows. Note that if (a,b) is an

open interval of the complement of C, then F(a) = F(b). Hence we may define F' to have the

constant value F(a) in that interval.

JERR (KA % A& % Cantor £ 49325 V3 L)
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() (=):&kzrel= ﬂ F,, MVneN zckF,= U For, &% F, RWXIE, W&AEEEA

ko,s.t. 2 € F g, AR 7 L(x), MdHiEse I,(z )\ B Iy(z) D Ir(x) D -+, HAATF MR
L Afan} #o {z,}: n=18, Fi=F,UF,=[0,1]U[21], 2%

0, xe€ F171§Y(411(l‘) = F171 aq
ay =
2, T € F172§y(‘]1($) = FLQ 3

B n<m b a2, CEEX, WE n=m+18, 8T [,(z) FdzkPEe 1, FL6H4
FH%, & Cantor £&9MEL 1,1 (x) LA HEF—A, FIARKAME X

0, Inii(z)ZEAIRAT £ mil
am+1 = . ) ) .’Em+1 — Z 37
2, Iy (2) R A AT HE s

254 Cantor £ 89H%, EHIRIE v, £ I,(x) 9 £3HE, CRAEMEPRIER, H o, cC, A zel,

4n
1 1
anxan+37=>|xn—x|§37

Bp oz, > x, XHEA

“\ap e
3l

k=1 k=1

o0 oo 2
ZT ZTZT

B @, = z o z G, MR = > %

k=1

(<:):4Fiuxzz3—k,ak:05&2, ME Ltz z, = e +t®E®IE 2, > 2, A, €C,
k=1

ok,
¢ RN e =
(2). AR BRI F ZR A, HAEZILHA =
o F(z) WBUEH o 9 =#H &K (A ap #1) B—H<, FHRLAMNBE: H el Hr =
RiEPRE ap £ 1,VEk, WizkAf—
FOE, % Cow=3 % =3 % Vkap by € {0,2), TRAERE—, M 3k € N°,s.t. a # by, Bk

3k
k=1

ko mln{k Qg 7é bk} P *‘ﬁx‘fiékﬂ]iy’i Ay = O,bko = 2, )[II]

ey — > bk 2 = 2 1
0=a-a=Y Ao s Y 2o D wow
k=1 k=ko+1 k=ko+1

T B Vo €C, o MASRH | 9B RE R, % Fla) HERERE—AE
. Flz) R LRBEOKS, XRIRM, BY Fz)= Z <3 & <o
1

BTRBIE F &5, AN0E: £ oyeC Aoyl <
HEKT, AT ko TR HAANF)_

Proof Of Claim : % = = Z Sy Z —2, 1T s = min{k : aj, # by}, BIEBF AR, N s <k,
k=1 k=1

AR —FMEAMNE as =0,b, =2, W

FA B E R
3 Ve >0, BAVEI ko,st. 515 <&, AR =55, 6B T4, F oyl lr—yl <, WM
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AT ko A KANF], #

= b —p™) =1 1
Fy) = Fa)|=| > * o< Y m=gm <¢
k=ko+1 k=ko+1
BPF £ C L&S
R HEAVEE T Z 1= &, #F0)=0,F(1) =

= k
(3). ¥ Vy €[0,1], ABE=_HES M y=
WF:C—[0,1] A4
(4). BA [0,1]\C = U G, Gp 2U G, A& Cantor & LA FHIZHGF X, BT RAMNIE

n=1

B e A T A K 89 T X 18] 69 P AN 3 5,]'_ F HEAEA S, BIE G, = (a,b), £F a,beC, W F(a) = F(b)

BT (1) #2 X 4 I, (z), & Cantor E#HiEd4i4e, 1, (a) = I1,(b),Vm <n, Mm% m=n b, I,(a)
R I1(a) 93X P L EREGELGATZE, 1,(00) & I,_1(a) BIELPTE L BF210ELGHT
20, ¥ m>n i, Im( ) & Iy_1(a) B4EEF 0 L BERRGELGATENE, 1, (0) £ I,-1(a) HIEE
P L BRI AEQHATER, CTAEBEBREL—T), Fihab @ RERA 1= EEGA n—1
{Z40F, % n A2l o RAKEH 0, bORMA 2, KFE n+ 14746 a WRKEA 2, bW AKEN
0, Hit

Il
_

b EMEX z=3 B, d (1) el B F(z) =y,

1 k=1

M8

k

1 >~ 1
m=n+1
A L i
F:[0,1] [0,1]
F(z), zeC

F(a) = F(b), z € (a,b)C[0,1\C

Ii?! F &XT%”E‘& F ¥ ARMRE, 8% Izo € (0,1),s.t. F £ zop "AEL, Wd F LiAH R4
0 lim F(z),b % hm F(x) ¥4k, dmu il F AR

’I'—)’I'O r—):co
Range(F) C [0,a] U [b, 1]

e (3) & F 8988 A [0,1], XBARFE! REKMBIEF £ 2 =0,1 k&%, SMRBIEz=0
HEN, =1 R2EM, 3 Ve>0, i F £ C L#ESLML 36 > 0,s.t.Vz € C, |z — 0] < 4§, #A
|F(z) = F(0)| <e, Ra=¢, & F 92 ARBVO<y<d, #H

|Fy) = F(0)] = F(y) < F(z) = |F(z) - F(0)| <«

#mFfr=0%%
ZEF A (0,1 EEg 0

N
3]k 3 (Stein,Lemma 1.2) If R, Ry,--- , Ry are rectangles, and R C |J Ry, then
k=1

N
|R| <> IRyl
k=1
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N
HMNFEEHE Ry, Ry, AR R I AAFTARIEIZINGRL, LA T (U R PO FEFE
k=1
WL TR R H4ERA Ry, Ry GEAB T ZAERL @G 4R, WARMNA

N M _
Ur- Uk,
i=1 k=1

N

WA RC |J Ry, B&MEK R 9P stsraesy, A Hky,--- k) C{1,2,--- ,M},st. GLREF
k=1

AR B @ 44 N HEHS)

l
— R
i=1

B
l ~ M _ N
IR =Y |Ri| <D IR < IR
1=1 k=1 1=1
FE—NITEFERRAAL R, THRAETSA R, F O

S]J& 4 (Stein,Chapter 1,T13) The following deals with G5 and F,, sets
(1) Show that a closed set is a G5 and an open set an F,

[Hint: If F'is closed, consider O, {:U d(z, F) }
(2) Give an example of an F,, which is not a Gs.

[Hint: This is more difficult; let F' be a denumerable set that is dense]

(3) Give an example of a Borel set which is not a G nor an F,

WY X2
d(z, F) = inf d(z,v)

yeF

S BAHER AR R LT 2 EEHHK, O, ACEFE (—00, L) THR, KAHFE

WA (1). & O, = {z:d(z,F) < 1}, BhRIEN O, AFE: $T V2 e0,, Re=1—dF), Mzt
Vo' € B(z,e),Vy e F, H=ATRF XA

d(z’,y) <d(2',z) +d(z,y) <e+d(z, F) = —

BTFHFAF A2, F) < rlw ¥ B(z,e) CO,, &z 9EEHRm O, L%
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BTFHRER F= () O,
n=1
Fc m O,: 3 Vo e Fd@, F)=0, & 2 €0,,Yn, Fidhae ) On— FC (] On

n=1 n=1
N
F )

1

O, CF:3Voe 10, Bik v ¢ F, & F° RF %% IN € N*st. B(z, L) C F°, %
> % B o ¢ Oy, BT A

TIER Gy %1 BRI O HFE, M O RINE, S AETHFE% {0,)22,,56.0°= () O
8 De Morgan’s law %= n=1

d(:v,

-(0e) -Oe

He Oc =A%, FAER F, &
(2. & Q=U{r}, WELEERNE. Q TH & QAF, &, THIEH Q ~& Gs %

reQ
it Q= () Gu, k¥ G AFR, 3 {ra )32, £ Q @—AH5], 2LV, = G\{ra}, MV, 1%
n=1

L, BEL O, = () Ve, MAMA 2 FUE
k=1
1. O; 205 2D
2. O, m v,
n=1 n=1

. Ave A\ (Uo)-ae-o « Av.-o
4. Q\{rn} c Gn\{rn} _7vn, HT Q ﬂﬂl%?é‘l‘ﬁ/l\%i%ij R ¢HETE, & Vn,V, £ R WAFTE
5 ARENABEFEGIMARETE (LAEREWER), ¥ Vn,0, L& R ORETE
FETRMEFE, BT O AR GAEFE, A 3L =[a,01]CO1, Bbi—a1<1; 8F O, R &
REFE, FOATALE I = [a,by] FHRE] I, = [ag, bo], H by —as < %, V3%, HATTAFE—FH K
B {1}, A
L DL, D, JLHOIONM_W

WK £ % 4 Frg,st.20€ () O1C () On= () Vo =2, FJ&!
(3). 5% 1: QxQ° A
FAMNE B4 FILEANR

.k ECR?, RLEHEARTAKFRET

E,={yeR:(z,y) e E}CR, E'={zxeR:(z,y) € E}CR

e X EAME, NENE, EY HAERE: & {y,} CE, sty >y, WA (2,9,) — (z,y), B E &
H&H (2,y) € B, #m yc E,, % E, A%
« ¥ ERAF, %, WHAN E, EY #H~AF, %: % FE= UFna HxF F, A%, 0

n=1

o0

E,={yeR:(z,y) e B} = J{yeR: (z,y) € F.} = |J(Fn)a
n=1 n=1
e & ERFE, WHENE, EY #HAFE: FyecE, N (v,y) € E,3e>0,s.t. B((z,y),e) C F, #
W (y—e,y+e)CE, ¥ E, #F%
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o
=
P
R
o

, WEA E, E, #4& G %: £ E= () G, &% G, RF%E, ]
n=1

o

E,={yeR:(z,y) € B} = [{y €R: (x,y) € Gu} = [ |(Gn)s
n=1 n=1
BETREMAA QxQ° AA Gs FLREF, &, FER G &, HRreQ, N (QxQ)" =Q £
Gs %, 12ix5 (2) /4!
FCRF, &, B qecQ, M (QxQ9),=Q° R F, &, #tm Q= (Q°)° & G; &, 12ix 5 (2) F

!
A% 2: E=(QN[0,1))U((1,2) NQ°)
WRTARA L4, PHIET .

TN % A B #HAZRGHEAEFE, I ANB LA R GAFTE (BRHFEHETAME B AR

IR @ILAE S EHeAR: XCR AAETRE — VEHERFR O, ONX #£0
xaLVOcR;aﬂ“%, JFREBICO, HARAER INA+0, mINALRFE, 246 B AEHw
(INANB#@, mIN(ANB)CON(ANB), ¥ ON(ANB)# @, FivhA ANB & R &HEFTE

3@ 5 (Stein,Chapter 1,T19) Here are some observations regarding the set operation A + B
(1) Show that if either A and B is open, then A + B is open. (72 &iX 22 either 7~ A& both)
(2) Show that if A and B are closed, then A + B is measurable.

(3) Show, however, that A 4+ B might not be closed even though A and B are closed.

Y X260 ES A BHAR B9T%
A+B={r+y:z€ A ye B}

MERR (1). Rk A RF %, TRARIEN A+B RF%: Vo+yec A+B, BA ARFE, z €A,
# Je > 0,s.t. B(r,e) CA, Tit B(x+y,e) CA+ B
st Va € B(z+y,e), BF a=(a—y)+y, FIABMNAERIEa—yec A, #ma=(a—y)+yec A+B,
EEE
(a—y)—z[=la—(r+y)<e

PPa—y€B(r,e) CA= B(x+y,e) CA+B, # A+ B A7 %

RE LT Y4 FIEB

A+B=|JA+{b}
beB

WA+ {b} R TFE AT, BNMAFE, A+B A —%FEZH, &MAFE

(2). Case 1.A, B # 2 %%

BAVERA A+ B LREE, OTAR FRESHARMNEFH, AMAFIEH A+ B ARALAMNE,
—Z@w A B Z%EL IM,, My, s.t.

lz] < M |y| < My, Vre AVyeB

#HmM Vo+ye A+ B, MK
|z +y| <z + |y| < My + M,
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¥ A+B AR, F—7@BER {v,+y. 2, CA+B, Lz, +y, va, THIEAaoc A+B, & A
AR E g {x, )00 BAMKTI {2, }32,, st 2, = 10 €A, B B REEI {y,, 122, HAEIKKT T
{ynkl}z’;l,s.t. Yny, — Yo € B, AN E JET T {xnkl —|—ynkl}j’§1, ) Ty, + Yn, — To+yo € A+ B, B R
FReE—4r a =20 +y € A+ B, % A+ B 2%

2t A B RERW, A+ B LRER, TN

Case 2. — AL H L

@%A::GAmémle:[ijﬁwjyx¢Wm»&AmBm¢%BmBm¢)%ﬁﬂm%,&

k k=1

ABE, EEE

A+B= || |JAnBO,k)

(@

UBmB(o k)

k=1

el
Il

1

[
T8

([A N B(0, k)] + [B N B, l)])

k,l=1

RTHAF R HE, HTH
(3). &#l 1: £/8 R* Lask s

A={(z,y):zy=1,2 > 0},B ={(z,0) : z € R}
HEb A& XL (FRARMERY), B & x4, N
A+B:{(x+y,;):x>0,y€R}

Ry=—xz=n, M (0,2)ecA+B, B (0,%)—(0,0), 122 (0,0)0¢ A+ B
B 2: FER LGRS
> 1
A:Z,B:U{n+n}

n=1

Bm=-neAn+LeB, icA+B, 150, 220¢A+B O

S]@ 6 (Stein,Chapter 1,T25) An alternative definition of measurability is as follows: E is measurable
if for every € > 0 there is a closed set F' contained in E with m,(E\F) < & . Show that this definition

is equivalent with the one given in the text.

MERR 5 Eege L AR ECR™ T, %3 Ve>0,30 F %, 3 ECO H m,(O\F) <e; itHh LEay
RXA (1), —FHIRLA (2)
(1) = (2): & E T4 Ec &R, W3t Ve >0,3 F%& O D Es.t. m.(O\E®) <e, £J& F =0°,
N FRAANEL FCE, E\F=ENF°=ENO=(E)NO =0\E*, #
m.(E\F) = m,(O\E°) < e

(2) = (1): % E A, Wt Ve>0,3 M%E FCE,st.m(E\F)<e, ¥/&0=F, ] 0&F
£, B E°CO, O\E°=0n (E°)° = (F°)°NE=E\F, %

m.«(O\E°) = m.(E\F) < ¢

#td B¢ TN, oA & E LT O



F—IR IR N MATH3002.02

| I 7 % R AR, iEW m,(OR) =0,m,(R°) = |R|, £F R° 2% R t9N3F
WERR 298] m,(OR) =0, RFIEH Ve > 0,m.(OR) <e BP*, LAFEZ# K, T
r, < {;k([(),l]” +m):mezn
Fr={QeT,:QNIR + o}
W) RAVA e T AL

Area(OR) x 27F x 2
2—kn

#F, < = 2Area(dR) - 2¢n~D

HEPHFREEZORKTRAAR URARA Area(OR), M2 27F, x2 RAN OR ThELTHAN—2t 7
ey @ b)), &R EAN R, #th
2Area(0OR
m.(0R) < Y |l =2 4, = 20N

QEFk

%k — oo %2 m,(OR) =0

FETRIEA m(R°) = |R|, —F@dEfts m,(R°) <m.(R)=|R|, B—7F @, 3 Ve>0, &AM
FRBEFLERGENTIER A7 — 8, RBHEGEBLAB ), RMREZERXRTRX “£2K%7, RLFERE
#k 3R C R° C R,s.t. |R| > |R| > |R| — ¢, #tmbEifksh

m.(R°) = m.(R) =|R| = |R| — ¢

A e — 0 BpiFiE O
2 WFEAR
EIE 1 (De Morgan #) % I Z#AFRE (TUARTH), {Autacr R—%ES, N

) -0

acl acl

0] -y

acl acl

MERA .
$€<UAQ> — VYael,xz¢ A,
acl
— Vael,xzeA
= ze ()AL

acl
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€ (ﬂAa> = z¢ ()4

acl acl

— Jael,x ¢ A,
< dacl,xec A
= ze A

acl
WM st F, 09 ERA G &
EX 2 (E&PMR) & {Ar)e, %L, &
Bi=|JAr Cj=[)4
k=j k=j
w2 RAE Bj D) Bj+1,Cj C Cj+1, B Bj N\ Cj A, HANAR
HNELT] {A), B E. TR, itHh

limsup 4, = ﬂ U Aj, hmlank G ﬁ Al

nTreo j=1k=j j=1k=j

||
DY
HC8
C8
DX

&

.
I
o
£l
I
<.

-I;Fﬁl\ %Ak \(, B AlDAQD"'; m) =T Az 3L {Ak} 69 AR kli}m ﬂAk; %AJ /‘, B A1CA2C"',
k=1

A)Ock 1
A 3 W {Age, 7%, 0

limsup A, © N U A; = {z: BEEF A, st 2 € A}

k—oo j= lk:—]
liminfA, & ) A 4; = {o: HEEAN,s.4.Yi > N,z € A;)
k— o0 ]_1 k_]

ERR (1)
x € limsup A; —ﬂUA — Vj € N, xGUA

iroo j>1i>j5 i>7
<~ Vn €N dN € N* with N > n,st.z € Ay
— ILFEA N,st.x € Ay

— re{r:r e AAFTERRE}
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Jj2lizj 12 Jo
— x € A, Vi>jg
— re{r: NENZRr e A, —ERAE}

O

SJR% 8 (Stein,Chapter 1,T3,Cantor sets of constant dissection) Consider the unit interval [0, 1], and
let € be a fixed real number with 0 < £ < 1 (the case { = % corresponds to the Cantor set C in the
text). In stage 1 of the construction, remove the centrally situated open interval in [0, 1Jof length &.
In stage 2, remove two central intervals each of relative length &, one in each of the remaining intervals
after stage 1, and so on. Let C¢ denote the set which remains after applying the above procedure
indefi nitely.

(a) Prove that the complement of C¢ in [0,1] is the union of open intervals of total length equal
to 1.

(b) Show directly that m.(C¢) = 0.

[Hint: After the k-th stage, show that the remaining set has total length = (1 — £)¥.]

ERR (). $—FEBTREN € WFRR, ATFTREA 1-¢, FETRMRAN 5S¢ OFARN; 4

ZHHEAFINE A LA RAN ¢ WFRE, BT 220 ARAA (597 ¢ WFRHE, #4T

AAKEHN L (1-¢) L= L0 wI RN, %4TRA ﬁa_@
RECEBNETIESR, %k FERT 20 ARAEN (59" ¢ PR, Bp ey T K i K

S (1) = Seu -

k=1 k=1

(b) ‘ia% k ﬁ)‘%ﬁiéﬁ%é\ﬁ Cg’k, W']Fﬂ Cantor %éﬁ*}‘gﬁ;ﬁ_ C = ;fjl C@k, .EL m*(C§,k) S (1 —f)k
# -
m.(Ce) <mu(Cex) < (1 -6 =0

A5k A, & m(C) =0 O

SJRi 9 (Stein,Chapter 1,T11) Let A be the subset of [0, 1] which consists of all numbers which do

not have the digit 4 appearing in their decimal expansion. Find m(A).

WERR & &R [0,1] 2647 10 F 4, &M F—F M E (04
H *#%4’?}1/\?‘@’3%/\1&7’7 A, Mm(Ay) = 355 %‘%
i

0.5), GE & AATEM E 0.4, RAVH B A4 FLIX 2 50)
9. %&ﬂ]ﬂﬂ%(o 04,0.05), (0.14,0.15), - - - , (0. 94 0.95),
(15
9
10

EME 9AKEH f5 R & m(Ay) = % _
BW,mM@:(%V,M%%ﬁ%&TmW :(

A= ﬁ A, m(A) < m(4,) = <190>n 0

REBMFENRLRBERZ & 42 0.4,0.04 5, BEKTUAEA C ={xe(0,1]: A RNDEK, 2+sFEFE 54},
CAAR R E, HAREYK, BB CCQ, ik m(C)=0, Bk

) ﬂiﬁi%‘ BAVHE 02 MREA Lp

m(A) = m(A\C) = m(A) —m(C) = m(A) =0

10
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0

SJ8R 10 (Stein,Chapter 1,T4,Cantor-like sets) Construct a closed set C so that at the k-th stage of

the construction one removes 2*~! centrally situated open intervals each of length [, with
Ty A Ul A oo A BN, 2 1

(a). If I; are chosen small enough, then 3 2871, < 1. In this case, showthat m(C) > 0, and in
k=1

fact, m(C) =1— > 217,
k=1
(b). Show that if z € C, then there exists a sequence of points {z,}°>, such that z, ¢ C, yet

z, — = and z,, € I,,, where I, is a sub-interval in the complement of C with |I,| — 0.
(c). Prove as a consequence that C is perfect, and contains no open interval.
(d). Show also that C is uncountable.

B (). iR k KRB REMESA C,, QBEAN S (X ZREAEPHHEFEE, —TARE
. k. A ., . o -
SR, HEBAME) mC) =1-> 271, XEH C= () Cp, hMAELAML
=1

k=1

m(C) = klggom(ék) =1-) 2" >0

k=1

). # Vo el=(Ce MaelyVk, it Jo(zx) & C P0A ¢ GWRNAKE, I,(x) 2% n+1
k=1
KRR 88 J, () FeOFEE, B [,(x) 9FEH z,, Wa,¢C, B

|z, — 2| < |J,| =0

HI,CJy, || <|J| =0 (X2ZHTFFH n F4& 0,1 FPELET 20 MHARXE, SEFEANFRXEGKE
[T < 5

(¢). 4% CEAMRZE): EA (b) #9it5, vz el, BRI, P& ¢ BEMH%ETH y,, Wy, €C,
B |y, —y|l < |Ju| =0, #& C EHIKZ &

RAEMFEE: BRAAFER (a,b) CC= () Co EMNBn £HK, #F L <b—a, F2

(a,b) CC,, 18R C, PHEARMKA < o, i‘ziﬁ%;@;!

(d). BAVT A% EH C F89THE L Cantor & C H——2: BHERFRIHOAETKEMR [, &
% L, BA Cantor %, #mAMTAER 427 % C A= C Fay Sp——stz (2569 EMT A
AR FRRAES 0 KRR, & L, GELR (0) & &) #, WA n fdieh o(1), i#
7 C,C P A M i Bk T A ), mAEALY SAHERL AL C 5 [0,1) ik, % C R
TH (B0 [0,1) T, FED, #fm C LRTH -

SISE 11 ($M @) & ECRY CR&TA), WAL Gy % Gyst. EC G, B m(G) = mu(E), ik
NELS GHRARS EBFNE
WERR % m.(E) = co, B G = R? B°T; % m,(E) < co, BN EAGSPEN M, 3 Vn € N* 3 F4E
Onst. EC Oy, B m,(0) <m.(E)+L, #R G= (0, MECG, &
n=1
mo(E) < m.(G) = m(G) < m(0,) < m.(E) + %

11
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4 n — oo BPAFiE U

TN — AL B P RA T e, BT AEERESGFMN O TE—T

EE 4 % ECR?, X m.(4) =m.(ANE)+m,(ANE°),VACR", M# E & Carathedory *T
M, EH: Lebesgue Tl <= Carathedory *T M|

MU (=) : /R3X E C R™ Lebesgue M, M3t VA CR?, B A 9%, (L E—R) G #HEL m.(A) =
m(G), LACG, N

my(ANE)+m.(ANE?) <m(GNE)+m,(GNE°)=m(GNE)+m(GNE°) =m(G) =m,(A)

B —iA A X IR 8GR T BT M ARAE, 3 mu(A) = m.(ANE) +m. (AN E°)
(<) : X E C R" Carathedory 7T#l, B G A E #9%M&, M GO FE, B

m.(E) =m(G) = m.(ENG) +m.(E°NG) =m.(E) +m.(G\E) = m.(G\E) =0

PP G\E AEME, & Lebesgue T, Frk E = G\(G\E) # Lebesgue Tl 5y 2%, ¥ E & Lebesgue
T O

3]k 12 (Stein,Chapter 1,P48 Problems,T5) Suppose E is measurable with m(E) < oo, and
E=EUE, ENE=

If m(E) = m,(E;) + m.(E>), then F; and E5 are measurable
In particular, if E C @, where @ is a finite cube, then F is measurable if and only if m(Q) =
m.(E) +m.(Q\B).

IERR L B EMEH Gy i=1,2, M G, TN, B E;, CGy,m.(E;) =m,(G,), %8 H, =G,NE,i=1,2,
M Hy, Hy TR, BEMA By = H\(H\E), By = Ho\(H\By) (RXRTASABEL—TF, ATFR®#
iEH)

H\(H\E;))=H,N(H,NE))*=H;N(HUE;)

o B AEAVRAED H\E,, Ho\E, T, R4 Ey, B, ATMEMEE, #TH, BA

0 S ’I’I’L(Hl N HQ) = m(Hl) + m(Hg) — m(H1 U Hg)
m(Hy) + m(Hz) — m(E)
=m.(Ey) +m.(E2) —m(E) =0

IN

12
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Hl\El:GlﬂEmEf:GlﬂEggGlﬂngHlﬂHg

ﬁﬁ’l’x m*(Hl\El) = m*(Hl ﬂHg) = 0, I&T?T"J HI\EI 7%/?\’91“%, éiET/m,J, T‘g]iiﬂ%— HQ\EQ ’&47%2:‘\’91']%, éi
TN, i By, Ey T 0

SRR 13 % {A,)0, RERMRGTHNES, B, CA,,n=1,2,--- (& B, A—=ZTM), iEH

My (U Bn> = Zm*(Bn)

n=1

ERR % AAEH AAM A, B m., (ByUBs) = ma(B1) +m.(By), ®F A, Tal, RMXEH B, UB,, M

m*(Bl U BQ) = m*((Bl U Bg) n Al) + m*(Bl UBynN Ai)

#FambHFEME, A Vn e N
m. (U Bk> = m.(By)
k=1 k=1
) R S B G SR A

Z’m*(Bk) = M, (U Bk) < My (U Bk)

HiHE n LKk, £#4 n— oo BPTIFE

k=1 k=1
B — A E Kby S 6k ST 37T Am e 43 3 O

SJ@ 14 (Stein,Chapter 1,T28) Let E be a subset of R with m(E) > 0. Prove that for each 0 < a < 1,

there exists an open interval I so that
m.(ENI)>am.)

Loosely speaking, this estimate shows that F contains almost a whole interval.
[Hint: Choose an open set O that contains E, and such that m.(E) > am.(0). Write O as
the countable union of disjoint open intervals, and show that one of these intervals must satisfy the

desired property.

MERR Wb ER AR m, (E) >0 %2, BEFE O 2D E,st.m,(0) < 2m.(E), B am,(0) <m.(E), &

R L&) FREM TR I, F o THIA T R% {1;}52,,5.6. 0 = Ej I;, &5 31, s.6. mo(ENI;) >
=1

am,(I;), EMN VI, m.(ENI;) <am.(l;)

E:EmO:EmDIj:D(Eij)

Jj=1 Jj=1

13
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FE—IR SRR N
am(0) < m.(E) < Zm*(E NI < aZm*(Ij) = am(0)

B 40 A8 T HOT Al 42 am(0) < am(0) BAT A, it é MIFE

14
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